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தᖒल 1

Construction of spectral projection by oblique projection

for nondiagonalizable square matrices

Hideo NAKAZAWA

1. 1ͭͷྫ

͡Ίʹɺ࣍ͷ 2Λ͑ߟΔɻ

ྫ! "
 J, K, N ֤େֶපӃ (ҎԼɺJ, K, N, ͱུه)ͷ݄ࠓͷऀ֤ʑ
2, 600ਓɺ3, 400ਓɺ4, 000ਓͰ͋Γɺຖ݄֤େֶපӃؒͰɺ࣍ͷنଇʹैͬͯ
ઌΛม͢ߋΔ͍͕ऀױΔͱ͍͏ɿ

Jʹ͓͚Δ݄ࠓͷऀͷ 2%͕ͣͭཌ݄ʹ Kٴͼ NʹɺKʹ͓͚Δࠓ
݄ͷऀͷ 1%͕ͣͭཌ݄ʹ JٴͼNʹɺNʹ͓͚Δ݄ࠓͷऀͷ
1%͕ཌ݄ʹ Jʹɺ·ͨ 2%͕ཌ݄ʹKʹɺଖʑม͢ߋΔɻ

ेܦ͕ؒ࣌աͨ͠ޙʹ J, K, N, ֤େֶපӃʹ͓͚Δຖ݄ͷऀଖʑ
͍ͭ͘ʹͳΔ͔ɻୠ͠ɺ͜ΕΒ 3පӃΛड͍ͯ͠Δऀױৗʹ 10, 000ਓ
ͰҰఆͰ͋Δͱ͠ɺ݄ʑʹΑͬͯ͜ͷ૯ͷ૿ݮͳ͍ͷͱ͢Δɻ# $
1ຊҩՊେֶ ҩֶ෦ Պֶૅج ֶࣨڭ (Department of Mathmatics, Liberal Arts and Sci-

ences, Faculty of Medicine, Nippon Medical School)
2Ϛϧίϑ࿈ͷయܕͰ͋Δɻ
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ղઆ J, K, N, ֤େֶපӃΛ͍ͯ͠ΔऀױΛଖʑ x0, y0, z0 ͱ͢Δͱ

x0 = 2600, y0 = 3400, z0 = 4000

Ͱ͋Δɻ·ͨ n = 1, 2, 3, · · · ͱͯ͠ n ϲ݄ޙͷ J, K, N, ֤େֶපӃΛ͍ͯ͠
ΔऀױΛ֤ʑ xn, yn, zn ͱ͢Δͱɺจͷ݅ΑΓ






xn = 0.96xn−1 + 0.01yn−1 + 0.01zn−1,

yn = 0.02xn−1 + 0.98yn−1 + 0.02zn−1,

zn = 0.02xn−1 + 0.01yn−1 + 0.97zn−1,

,






x0 = 2600,

y0 = 3400,

z0 = 4000

͕Γཱͭɻ͜͜ͰɺϕΫτϧ−→vn (n = 0, 1, 2, 3, · · · )ͱྻߦM Λ

−→vn =





xn

yn

zn




, M =

1

100




96 1 1

2 98 2

2 1 97





ͱఆٛ͢Εɺ্ͷؔ

−→vn = M−−→vn−1,
−→v0 =





2600

3400

4000





ͱදͤΔɻ͜ͷॳΊͷؔࣜΑΓɺ

−→vn = Mn−→v0

Ͱ͋Δ͜ͱ͕Δ͔ΒɺٻΊΔͷɺ

lim
n→∞

−→vn

Ͱ͋Δɻ
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ͱ͜ΖͰM ͷݻ༗ 3 খ͍͞ॱʹ
19

20
,
24

25
, 1Ͱ͋Δ͔ΒɺM ͷεϖΫτϧ

ղ 4

M =
19

20
P 19

20
+

24

25
P 24

25
+ 1P1

Ͱ͋Γɺैͬͯɺ͜ΕΑΓಛʹɺ

Mn =

(
19

20

)n

P 19
20

+

(
24

25

)n

P 24
25

+ 1nP1

Ͱ͋Δ͜ͱ͕ͪʹΔɻͱ͜Ζ͕ɺ

lim
n→∞

−→vn = lim
n→∞

Mn−→v0 =
(
lim
n→∞

Mn
)−→v0

Ͱ͋Γɺ (
19

20

)n

,

(
24

25

)n

→ 0 (n → ∞)

Ͱ͋Δ͔Βɺ
lim
n→∞

Mn = P1

Ͱ͋Δɻނʹɺ
lim
n→∞

−→vn =
(
lim
n→∞

Mn
)−→v0 = P1

−→v0

ͱͳΔ͔ΒɺM ͷݻ༗ 1ͷݻ༗ۭؒͷࣹӨྻߦ 5Ͱ͋ΔP1͑͞ٻΊΕΑ͍ɻ
ͱ͜Ζ͕͜ΕɺM ͷݻ༗ 1ʹଐ͢Δݻ༗ϕΫτϧͷ 1͕ͭ





2

5

3





33ষ ఆٛ 3.3 রɻࢀ
44ষ ఆཧ 4.1 রɻࢀ
5ࣹӨྻߦӳޠͰ projection matrix ͱݺΕΔͷͰ P ͱ͍͏จࣈΛ༻͍͍ͯΔɻ
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Ͱ͋ΓɺM ͷڞసஔྻߦ 6M∗ͷݻ༗ 1 ʹଐ͢Δݻ༗ϕΫτϧ͕




1

1

1





Ͱ͋Δ͜ͱΛར༻ͯ͠ɺ

P1 =





2

5

3




·





(1, 1, 1) ·





2

5

3










−1

(1, 1, 1) =
1

10





2

5

3




· (1, 1, 1) =

1

10





2 2 2

5 5 5

3 3 3





ͱ͞ࢉܭΕΔ 7ɻ

Ҏ্ʹΑͬͯɺेܦ͕ؒ࣌աͨ͠ޙͷ J, K, N, ֤େֶපӃͷຖ݄ͷऀɺ

lim
n→∞

−→vn =
1

10





2 2 2

5 5 5

3 3 3









2600

3400

4000




=





2000

5000

3000





ʹΑΓɺଖʑɺ2000ਓɺ5000ਓɺ3000ਓɺͱͳΔ͜ͱ͕Δɻ!

͜ͷΛ௨ͯ͡ɺֶ͕ɺֶͦΕࣗͷͷΈͳΒͣɺଞͷΛ
ղܾ͢Δͷʹ༗ޮͰ͋Δ͜ͱ͕ཧղ͞ΕΑ͏ɻಛʹɺେֶॳ࣍ͰֶͿઢܗֶ
ʹ͓͚ΔྻߦͱϕΫτϧͷ֓೦ɺ͜ͷΑ͏ͳࣾձՊֶܦӦʹԠ༻ՄͰ
͋Γɺ·ͨ 1ɾ2࣍ͰֶͿ֬౷ֶܭʹ͓͍ͯඞਢͱͳΔ֓೦Ͱ͋Γɺ
ͦͷॏཁੑޙࠓࣦΘΕΔ͜ͱͳ͍Ͱ͋Ζ͏ɻ

2. Δ͢ߟ

ୈ 1ষͷ ྫ ͷ ղઆ ͰΔΑ͏ʹɺ࣮ෳૉΛʹͭਖ਼ํྻߦ
ͷႈࢦྻߦͷࢉܭ 8ʹ͓͍ͯɺεϖΫτϧղ (͍҃δϣϧμϯղ)ͷํ

63ষ ఆٛ 3.1 রࢀ
74ষࢀরɻ
8͜ΕΒ͕ٻ·Δͱɺະདྷ͕༧Ͱ͖ΔΑ͏ʹͳΔɻଈͪɺʮݻ༗͕ະདྷΛܾఆ͢ΔʯͷͰ͋Δɻ

ྻͷ࿈ཱԽࣜͷҰൠ߲ͷදࣔৗඍํఔࣜɾภඍํఔࣜͷղͷڍಈͷߟʹ͓͍ͯɺͦΕΒ
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๏༗ޮͳׂΛՌͨ͠ɺର֯Խͷํ๏ͱͷൺֱͰɺ͔ͳΓ؆୯ʹ݁Ռʹ౸ୡͰ
͖Δ͜ͱΑ͘ΒΕ͍ͯΔ ݪּ) [3], [4], [5]) ɻͱ͜Ζ͕ɺྻߦͷαΠζ͕େ͖͍
߹ʹɺࣹӨྻߦͷ͕ࢉܭࡶʹͳΓಘΔɻྫ͑ɺ5× ༗͕ݻͰྻߦ5
૬ҟͳΔ ×ΊΔʹɺ5ٻΛྻߦΛͭ߹ɺࣹӨݸ5 ͷྻߦ5 ͷੵΛݸ4 5छྨɺ
ैͬͯɺ߹ܭ 20ճͷੵͷࢉܭΛ࣮͢ߦΔඞཁ͕ੜ͡Δ 9ɻΠϯλʔωοτͷαΠ
τΤΫηϧͳͲΛར༻͢Ε͞΄Ͳͷ͜ͱͳ͍ͩΖ͕ɺશͯखࢉܭͰ͏ߦ߹
ʹඇৗʹࡶͰ͋Δɻ͜ͷΑ͏ͳ߹ʹɺࣹӨྻߦΛ͏গ͠؆୯ʹ͢ࢉܭΔํ
๏ͳ͍ͩΖ͏͔ɻ͜ͷΛ͑ߟΔ߹ʹɺݻ༗͚ͩͰͳ͘ݻ༗ϕΫτϧͷ
ใඞཁͱͳΔͱ͍͏ҙຯͰɺݻ༗͚ͩͷใͰ͕݁͢ࢉܭΔεϖΫτϧ
ղͷํ๏ʹ͕͋Δ͕ɺࣼަࣹӨʹΑͬͯൺֱత؆୯ʹࣹӨྻߦΛٻΊΔ͜ͱ͕
Ͱ͖Δͱ͍͏͜ͱΛɺຊڀݚϊʔτͰɺ͍͔ͭ͘ͷྫΛ௨ͯ͡ࢦఠ͢Δɻͳ͓ɺ
Nagumo[10]ʹΔෳૉੵʹΑΔࣹӨྻߦͷࢉܭ๏ (ͳ͓ɺּݪ [5] pp.267-280,

Ճ౻ [6] p.243 ݟΑ) ɺෳૉղੳΛΒͳ͍େֶॳ࣍ͷֶੜʹͱͬͯɺ࣮
ʹࢉܭΔͷ͕͍͠Ͱ͋Ζ͏ɻैͬͯɺॳతͳํ๏Ͱɺ͔ͭɺൺֱత؆୯ͳ͢ߦ
ΑͬͯɺࣹӨྻߦΛٻΊΔํ๏ͱͯ͠ͷࣼަࣹӨͷํ๏ɺ͕ຊڀݚϊʔτͰѻ͏ओ
ͱ͍͏͜ͱʹͳΔɻ
ͳ͓ɺର֯Խ͕ෆͳਖ਼ํྻߦͷ߹ʹδϣϧμϯඪ४ܗͷཧʹґΔ͜ͱ
ʹͳΔ͕ɺͦ͜Ͱɺඪ४Խ͢ΔͨΊͷྻߦͷྻߦٯͷ͕ࢉܭҰൠʹඞཁͱͳ
Δ 10ɻαΠζͷେ͖ͳྻߦͷྻߦٯͷࢉܭͱͳΔͱɺ͖ग़͠๏༨Ҽྻߦࢠͷ
ํ๏ʹґΒͶͳΒͣɺखࢉܭͰ͜ΕΛ࣮͢ߦΔʹɺࡶͰ͋ΔɻࣼަࣹӨ
ͷํ๏Ͱݻ༗ɾ(Ұൠ)ݻ༗ϕΫτϧͷࢉܭඞཁͰ͋Δ͕ɺඞͣ͠ର֯Խ
ՄͰͳ͍ྻߦͷ୯७෦ʹର͢ΔࣹӨྻߦΛൺֱత؆୯ʹٻΊΔ͜ͱ͕Ͱ
͖Δ͜ͱࢦఠ͢ΔɻซͤͯɺεϖΫτϧղͷҰൠԽͰ͋ΔҰൠεϖΫτϧղ
(δϣϧμϯղͱ͍͏)Λɺ௨ৗͷݻ༗ͷใͷΈͰࢉܭΛਪ͠ਐΊΔεϖΫ
τϧղ 11ʹΑΓٻΊΔ͜ͱ͕ՄͰ͋Δ͜ͱΑ͘ΒΕ͓ͯΓɺ͜ΕΒ 2ͭ
ͷํ๏ͷൺֱ͏ߦɻ

ԽࣜํఔࣜΛੜ͢Δྻߦ (ͬͱҰൠʹ࡞༻ૉ)ͷεϖΫτϧͷใ͕ຊ࣭తͰ͋Δࣄ
͘ΒΕ࣮ͨࣄͰ͋Γɺࡏݱ༷ʑͳʹରͯͦ͠ͷΑ͏ͳཱͰ͕ڀݚਐలதͰ͋Δɻ

9ࣹӨྻߦͷ૯͕୯ҐྻߦͱҰக͢Δ (୯Ґͷղͱ͍͏)࣮ࣄΛར༻͢Εɺ4ͭͷࣹӨྻߦ
ͷΈٻΊͯΓ 1ͭ୯Ґྻߦͱͷࠩͱͯ͠ٻΊΕΑ͍͔Βɺੵͷࢉܭ࠷খͰ 16ճͱ͍͏͜ͱ
ʹͳΔɻ

10ɺ࣮ରশྻߦΤϧϛʔτྻߦͷ߹ʹɺର֯Խྻߦͱͯ͠ଖʑɺަٴྻߦͼϢχλ
ϦʔྻߦΛͱΔ͜ͱ͕Ͱ͖ɺྻߦٯͷࢉܭෆཁͱͳΔࣄΑ͘ΒΕ͍ͯΔɻ

11͜ͷ߹ʹݻ༗ଟ߲ࣜͷٯͷ෦ղͷ͕ࢉܭඞཁͱͳΔɻ5ষ ҙ 5.9 ΛݟΑɻ
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ຊڀݚϊʔτͷ༰ҎԼͷ௨ΓͰ͋Δɻ·ͣ 3ষͰɺྻߦʹؔ͢Δૅجతࣄ
߲ΛవΊΔɻ4ষͰɺର֯ԽՄͳਖ਼ํྻߦͷεϖΫτϧղʹݱΕΔࣹӨྻߦ
ΛɺࣼަࣹӨͷํ๏ͰٻΊΔɻ࣮ରশྻߦΤϧϛʔτྻߦͷ߹ʹͦͷࢉܭ
୯ͱͳΔ͜ͱʹ৮ΕΔɻଓ͍ͯ؆ʹߋ 5ষͰɺର֯Խෆͳਖ਼ํྻߦͷδϣϧ
μϯղʹؔ͠ɺର֯ԽՄͳ෦ͷεϖΫτϧղʹݱΕΔࣹӨྻߦΛɺࣼަࣹ
Өͷํ๏ͰٻΊΔɻ
ͳ͓ҎԼͰѻ͏ྫͱͯ͠ɺn࣍ਖ਼ํྻߦ Aͷݻ༗ λ͕ nॏݻ༗Λͭ߹
औΓѻΘͳ͍ɻԿނͳΒ͜ͷ߹ʹɺྻߦA− λI (ୠ͠ɺI  n࣍୯Ґྻߦ)

͕ႈྵྻߦͱͳΔ͕ࣄ Cayley-Hamiltonͷఆཧ 12͔Βै͍ɺ͜ΕʹΑΓݩͷྻߦ
ͷႈࢦ͕ྻߦ༰қʹࢉܭͰ͖Δ͔ΒͰ͋Δ (n࣍ਖ਼ํྻߦ୯Ґྻߦͷ༻
র)ɻࢀষ࣍ޠ

3. ਖ਼ํྻߦͷૅجత߲ࣄ

ࣗવશମͷू߹Λ N, ෳૉશମͷू߹Λ Cͱද͢ɻn ∈ Nͱͯ͠ɺI  n࣍
୯Ґྻߦ (n× n୯Ґྻߦ)ɺA = (aij)1!i,j!n n࣍ਖ਼ํྻߦ (n× nྻߦ)ͱ͢Δɻ
֤ෳૉͰ͋Δͱ͢Δɿaij ∈ C (1 ! i, j ! n)ɻ·ͨҰൠʹɺk, l ∈ Nʹର
ͯ͠ɺ͕ෳૉͷ k× lྻߦΛMk×l (C)ͱද͢͜ͱͱ͢Δɻಛʹɺk = 1ͷ
߹ͷྻߦ͕ lݸͷԣϕΫτϧͱɺ·ͨ l = 1ͷྻߦ͕ kݸͷॎϕΫτ
ϧͱɺଖʑಉҰ͢ࢹΔɻ

ఆٛ 3.1. A = (aij)1!i,j!n ∈ Mn×n (C)ʹΑͬͯɺྻߦ Aͷ֤ͷෳૉڞΛ
ͱͬͨͷΛද͢ɻtA = (aji)1!i,j!n ∈ Mn×n (C)ʹΑͬͯɺ AͷసஔྻߦΛද
͢ɻA∗ʹΑͬͯ A∗ = tA = (aji)1!i,j!n ∈ Mn×n (C)Λɺ͢ͳΘͪ Aͷڞసஔ
Λද͢ɻྻߦ

ఆٛ 3.2. ྻߦ A ∈ Mn×n (C)͕࣮ରশྻߦͰ͋ΔͱɺA = (aij)1!i,j!n ͷ֤
͕࣮ ai,j ∈ R (1 ! i, j ! n) Ͱ͋Γɺ͔ͭ ai,j = aj,i (1 ! i, j ! n) ͕Γཱͭ
ͱ͖Λ͍͏ɻ·ͨɺA͕ΤϧϛʔτྻߦͰ͋ΔͱA∗ = A͕Γཱͭͱ͖Λ͍͏ɻ

ఆٛ 3.3. λ ∈ C͕ྻߦA ∈ Mn×n (C) ͷݻ༗ɺ−→vλ ∈ Mn×1 (C)͕Aͷݻ༗ λ

ʹଐ͢Δݻ༗ϕΫτϧͰ͋ΔͱɺA−→vλ = λ−→vλ, −→vλ %= −→
0 ͕Γཱͭͱ͖Λ͍͏ɻ

12͜Εɺ࣍ষͷ ఆٛ 3.4 ͷ Φ(λ)ʹରͯ͠ Φ(A) = 0͕Γཱͭ͜ͱΛओு͢Δ݁Ռɻ
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ఆٛ 3.4. Φ(λ)͕ྻߦA ∈ Mn×n (C)ͷݻ༗ଟ߲ࣜͰ͋Δͱ

Φ(λ) =
∣∣λI −A

∣∣

ͷ͜ͱΛ͢ࢦɻ͜͜Ͱӈลͷઈରه߸ྻߦ λI −AͷࣜྻߦΛද͢ɻ

͜ͷఆٛʹ͓͍ͯɺݻ༗ଟ߲ࣜ Φ(λ) λͷ n࣍ଟ߲ࣜͰ͋Δɻ

ఆཧ 3.5. λ ∈ C͕ྻߦ A ∈ Mn×n (C)ͷݻ༗ͳΒɺtAݻ༗ λΛͪɺ
A∗ݻ༗ λΛͭɻ·ͨಛʹA͕Τϧϛʔτྻߦͷ߹ɺݻ༗࣮ͱͳΔɻ
ैͬͯ͜ͷ߹ɺAͷݻ༗ͱA∗ͷݻ༗Ұக͢Δɻ

ఆཧ 3.6. n࣍ਖ਼ํྻߦ A ∈ Mn×n (C)͕૬ҟͳΔmݸͷݻ༗ λ1, λ2, · · · , λm

(1 ! m ! n)Λͭͱ͢Δɻ͜ͷͱ͖ɺA͕ର֯ԽՄͰ͋ΔͨΊͷඞཁे݅
ɺશͯͷ j (∈ 1, 2, 3, · · · ,m)ʹର͕ͯ࣍͠Γཱͭ͜ͱͰ͋Δɿ

rλj = n−mλj

ୠ͠ɺrλj ྻߦ A − λjI ͷ֊ (ϥϯΫ)ɺmλj ݻ༗ λj ͷతॏෳ ݻ)
༗ଟ߲ࣜͷղͱͯ͠ͷॏෳ)Λɺଖʑද͢ɻ

ҙ 3.7. ఆཧ 3.6 ͷओு࣍ͷΑ͏ʹ͍͑ݴΔ͜ͱ͕Ͱ͖Δɿ

n࣍ਖ਼ํྻߦA ∈ Mn×n (C)͕૬ҟͳΔmݸͷݻ༗ λ1, λ2, · · · , λm (1 ! m ! n)

Λͭͱ͢Δɻ͜ͷͱ͖ɺA͕ର֯ԽՄͰ͋ΔͨΊͷඞཁे݅ɺAͷ֤ݻ
༗ λj ʹରԠ͢Δݻ༗ۭؒͷݩ࣍ n− rλj ͷ j = 1, 2, · · · ,mʹؔ͢Δ͕ݩ࣍ n

ʹ͍͠ɻ

4. ର֯ԽՄͳਖ਼ํྻߦʹର͢ΔࣹӨྻߦͷࣼަࣹӨʹΑΔࢉܭ

ఆཧ 4.1. m (∈ N)ͱ͢ΔɻࣹӨྻߦ P ∈ Mn×n (C) ʹର͕ͯ࣍͠ΓཱͭͱԾఆ
͢Δɿ

(1) P ͷ૾ۭؒmݸͷҰ࣍ಠཱͳॎϕΫτϧͷ−→vj ∈ Mn×1 (C) (j = 1, 2, · · ·m)

ͰுΒΕΔઢۭؒܗɻ

(2) P ͷڞసஔྻߦ P ∗ ͷ૾ۭؒ m ಠཱͳॎϕΫτϧͷ࣍ͷҰݸ −→wj ∈
Mn×1 (C) (j = 1, 2, · · ·m) ͰுΒΕΔઢۭؒܗɻ
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͜ͷͱ͖ɺP ࣍Ͱද͞ΕΔɿ

P = X · (Y ∗ ·X)−1 · Y ∗,

ୠ͠ɺྻߦX, Y ԿΕ n×mྻߦͰ͋ͬͯɺ࣍Ͱ༩͑ΒΕΔɿ

X =
(−→v1 −→v2 · · · −→vm

)
, Y =

(−→w1
−→w2 · · · −→wm

)
.

ҙ 4.2. ͜ͷఆཧʹ͓͚Δ P ࣹӨͷੑ࣭ P 2 = P Λຬͨ͢͜ͱ͕ɺࢉܭʹ
ΑΓΔɻ

ఆཧ 4.3. Aྻߦ ∈ Mn×n (C)ର֯ԽՄ (୯७)Ͱ͋Δͱ͠ɺͦͷ૬ҟͳΔݻ
༗͕ λj ∈ C (j = 1, 2, 3, · · · ,m, ୠ͠ m ! n)Ͱ͋Δͱ͢Δɻ·ͨ λjͷॏෳΛ
mjͱ͢ΔɻAͷݻ༗ λjʹର͢ΔҰ࣍ಠཱͳݻ༗ϕΫτϧΛ

−−→vλj,1 ,
−−→vλj,2 · · · −−−→vλj,mj

ͱ͢Δ (mj = 1ͷ߹ʹҰ࣍ಠཱͳݻ༗ϕΫτϧͷݸ 1ͱͳΔ͕ɺmj " 2

ͷ߹ʹҰ࣍ಠཱͳݻ༗ϕΫτϧͷݸmjͱͳΔɻԼͷྫΛࢀর)ɻͦ͜Ͱߦ
ྻXλj ∈ Mn×mj (C)Λɺ͜ΕΒmj ༗ϕΫτϧΛԣʹฒͯͰ͖Δݻͷݸ n×mj

ͱ͢Δɿྻߦ

Xλj =
(
−−→vλj ,1

−−→vλj ,2 · · · −−−→vλj ,mj

)
∈ Mn×mj (C) .

·ͨ Aͷڞసஔྻߦ A∗ = tA ͷݻ༗ λj ∈ C (j = 1, 2, 3, · · · ,m, m ! n)ʹ
ଐ͢Δݻ༗ϕΫτϧΛ−−−→vλj ,1,∗,

−−−→vλj ,2,∗ · · · −−−−→vλj ,mj ,∗ͱ͢ΔɻྻߦXλj ,∗ ∈ Mn×mj (C)
Λɺ͜ΕΒmj ༗ϕΫτϧΛԣʹฒͯͰ͖Δݻͷݸ n×mj ͱ͢Δɿྻߦ

Xλj ,∗ =
(−−−→vλj ,1,∗

−−−→vλj ,2,∗ · · · −−−−→vλj ,mj ,∗

)
∈ Mn×mj (C) .

͜ͷͱ͖ݻ༗ λj ͷݻ༗ۭؒͷࣹӨྻߦ Pλj ࣍Ͱ͞ࢉܭΕΔɿ

Pλj = Xλj ·
{(

Xλj ,∗

)∗
·Xλj

}−1
·
(
Xλj ,∗

)∗

͜͜Ͱɺ·௨ৗͷྻߦͱͯ͠ͷੵΛද͢ɻ͜ΕΒΛ༻͍ͯAͷεϖΫτϧղ

A =
m∑

j=1

λjPλj

Ͱ༩͑ΒΕΔɻ

8



（27）

ҙ 4.4. ্ͷ Pλj ҰൠʹࣼަࣹӨ
13ͱͳΔ͕ɺ͜ͷޙͷྫ 4.7ͷ߹ͷΑ͏

ʹɺ͑ߟΔྻߦʹରশੑ͕͋Εɺ͜ͷ Pλj ަࣹӨͱͳΔɻͳ͓ɺࣨాɾਿݪ
[12] p.257, ఆཧ 9.51 ࢀরͤΑɻ

ܥ 4.5. ྻߦ A ∈ Mn×n (R)͕࣮ରশྻߦͷ߹ʹɺAͷݻ༗ λj ͷݻ༗ۭؒ
ͷࣹӨྻߦ Pλj ࣍Ͱ͞ࢉܭΕΔɿ

Pλj = Xλj · tXλj .

·ͨɺA ∈ Mn×n (C)͕Τϧϛʔτྻߦͷ߹ʹɺAͷݻ༗ λj ͷݻ༗ۭؒ
ͷࣹӨྻߦ Pλj ࣍Ͱ͞ࢉܭΕΔɿ

Pλj = Xλj ·
(
Xλj

)∗
.

ҙ 4.6. ͜ͷ݁Ռʹؔͯ͠ɺྫ͑ɺඌ [11] p.123, ఆཧ 6.15, ࣨాɾਿݪ [12]

p.257, ఆཧ 9.50 Λࢀরͷ͜ͱɻ

ྫ 4.7. 3 × 3࣮ରশྻߦ A =




2 1 0

1 3 1

0 1 2



ͷεϖΫτϧղΛٻΊΔɻݻ༗

1, 2, 4, ଖʑͷਖ਼نԽ͞Εͨݻ༗ϕΫτϧͷ 1ͭ

−→v1 =
1
√
3




1

−1

1



 , −→v2 =
1
√
2




1

0

−1



 , −→v4 =
1
√
6




1

2

1





ͱͳΔɻ·ͨɺڞసஔྻߦA∗ = AͰ͋Δ͔Βɺ

−→v1,∗ = −→v1 , −→v2,∗ = −→v2 , −→v4,∗ = −→v4

Ͱ͋Δɻͦ͜ͰɺྻߦXk, Xk,∗, (k = 1, 2, 4) Λ࣍Ͱఆٛ͢Δɿ

X1 = X1,∗ =
−→v1 , X2 = X2,∗ =

−→v2 , X4 = X4,∗ =
−→v4 .

13n࣍ਖ਼ํྻߦ P ͕ P 2 = P , P ∗ = P Λຬͨ͢ͱ͖ɺ͜ͷ P ΛަࣹӨͱ͍͏ͷʹର͠ɺP 2 = P
͕ͩ P ∗ != P Ͱ͋ΔΑ͏ͳྻߦ P ΛࣼަࣹӨͱ͍͏ɻ༄Ҫɾ [13], p.26, ҙ রɻࢀ
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͜ͷͱ͖ɺ֤ݻ༗ϕΫτϧਖ਼نԽ͞Ε͍ͯΔ͔Βɺk = 1, 2, 4ʹରͯ͠

(Xk,∗)
∗ ·Xk = 1

͕ɺैͬͯɺ
{(Xk,∗)

∗ ·Xk}−1 = 1

͕Γཱͭɻނʹɺ

P1 = X1 · (X1)
∗ =

1
√
3




1

−1

1



 ·
1
√
3
(1,−1, 1) =

1

3




1 −1 1

−1 1 −1

1 −1 1



 ,

P2 = X2 · (X2)
∗ =

1
√
2




1

0

−1



 ·
1
√
2
(1, 0,−1) =

1

2




1 0 −1

0 0 0

−1 0 1



 ,

P4 = X4 · (X4)
∗ =

1
√
6




1

2

1



 ·
1
√
6
(1, 2, 1) =

1

6




1 2 1

2 4 2

1 2 1



 ,

ͱͯ͠ɺAͷεϖΫτϧղA = 1P1 + 2P2 + 4P4ͱͳΔɻ

ҙ 4.8. ਖ਼نԽ͞Εͨݻ༗ϕΫτϧͱͨ͠ͷɺࣼަࣹӨͷࢉܭͰ {· · · }−1ͷ෦
͕ඞͣ 1 (͍҃୯Ґྻߦ) ͱͳΔ͔ΒͰ͋Δɻ͜ΕʹΑΓɺ্ͷ͕ܥೲಘ͞Ε
Α͏ɻ

ྫ 4.9. 3× Aྻߦ3 =




2 2 6

−1 −2 −4

1 1 −3



ͷεϖΫτϧղΛٻΊΔɻݻ༗

−3, −2, 2, ଖʑͷݻ༗ϕΫτϧͷ 1ͭ

−→v−3 =




2

−2

−1



 , −→v−2 =




4

−5

−1



 , −→v2 =




8

−3

1





10
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ͱͳΔɻ·ͨɺڞసஔྻߦA∗ =




2 −1 1

2 −2 6

−4 1 −3



 ͷݻ༗−3, −2, 2Ͱ͋

ΓɺͦΕͧΕͷݻ༗ϕΫτϧͷ 1ͭ

−−−→v−3,∗ =




2

3

−7



 , −−−→v−2,∗ =




1

2

−2



 , −→v2,∗ =




3

2

2





ͱͳΔɻैͬͯɺ

P−3 =




2

−2

−1



 ·





(2, 3,−7)




2

−2

−1










−1

· (2, 3, 7) =
1

5




4 6 14

−4 −6 14

−2 −3 −7



 ,

P−2 =




4

−5

−1



 ·





(1, 2,−2)




4

−5

−1










−1

· (1, 2,−2) =
1

4




4 8 −4

−5 −10 10

−1 −2 2



 ,

P2 =




8

−3

1



 ·





(3, 2, 2)




8

−3

1










−1

· (3, 2, 2) =
1

20




24 16 16

−9 −6 −6

3 2 2





ͱͯ͠ɺAͷεϖΫτϧղA = (−3)P−3 + (−2)P−2 + 2P2ͱͳΔɻ

ҙ 4.10. ७ਮʹεϖΫτϧղͷํ๏ʹґΔ߹ʹɺ

P−3 =
(A+ 2I) · (A− 2I)

(−3 + 2) (−3− 2)
,

P−2 =
(A− 2I) · (A+ 3I)

(−2− 2) (−2 + 3)
,

P2 =
(A+ 3I) · (A+ 2I)

(2 + 3) (2 + 2)

11
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Λ͠ࢉܭͳ͚ΕͳΒͣɺࡶͱͳΔɻ

ྫ 4.11. 3 × ྻߦ3 A =




1 2 1

−1 4 1

2 −4 0



ͷεϖΫτϧղΛٻΊΔɻݻ༗ 1

ͱ 2 (2ॏݻ༗). A− I ͷϥϯΫ 2 ͱͳΓɺ

2
[
ˡྻߦA− I ͷϥϯΫ

]
= 3

[
ˡ 3× 3ͷ 3

]
− 1

[
ˡݻ༗ 1ͷॏෳ

]

ཱɻಉ༷ʹɺA− 2I ͷϥϯΫ 1 ͱͳΓɺ

1
[
ˡྻߦA− 2I ͷϥϯΫ

]
= 3

[
ˡ 3× 3ͷ 3

]
− 2

[
ˡݻ༗ 2ͷॏෳ

]

ཱɻैͬͯɺ͜ͷྻߦAର֯ԽՄͰɺଖʑͷݻ༗ϕΫτϧͷ 1ͭɺ

−→v1 =




1

1

−2



 , −→v2,1 =




2

1

0



 , −→v2,2 =




1

0

1





ͱͳΔɻ·ͨɺڞసஔྻߦA∗ =




1 −1 2

2 4 −4

1 1 0



 ͷݻ༗ 1ͱ 2 (2ॏݻ༗)

Ͱ͋ΓɺͦΕͧΕͷݻ༗ϕΫτϧͷ 1ͭɺ

−→v1,∗ =




1

−2

−1



 , −−−→v2,1,∗ =




1

−1

0



 , −−−→v2,2,∗ =




2

0

1





ͱͳΔɻͦ͜ͰɺྻߦXk, Xk,∗ (k = 1, 2) Λ࣍Ͱఆٛ͢Δɿ

X1 =
−→v1 =




1

1

−2



 , X1,∗ =
−→v1,∗ =




1

−2

−1



 ,

X2 =
(
−→v2,1 −→v2,2

)
=




2 1

1 0

0 1



 , X2,∗ =
(
−−−→v2,1,∗

−−−→v2,2,∗
)
=




1 2

−1 0

0 1



 .

12
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ैͬͯɺ

P1 = X1 ·
{(

X1,∗
)∗ ·X1

}−1
·
(
X1,∗

)∗

=




1

1

−2



 ·





(1,−2, 1) ·




1

1

−2










−1

· (1,−2,−1) =




1 −2 −1

1 −2 −1

−2 4 2



 ,

P2 = X2 ·
{(

X2,∗
)∗ ·X2

}−1
·
(
X2,∗

)∗

=




2 1

1 0

0 1



 ·






(
1 −1 0

2 0 1

)
·




2 1

1 0

0 1










−1

·
(
1 −1 0

2 0 1

)

=




2 1

1 0

0 1



 ·
(
1 1

4 3

)−1

·
(
1 −1 0

2 0 1

)
=




0 2 1

−1 3 1

2 −4 −1



 ,

ͱͯ͠ɺAͷεϖΫτϧղA = 1P1 + 2P2ͱͳΔɻ

ҙ 4.12. ͜ͷྻߦʹؔͯ͠ɺ७ਮʹεϖΫτϧղͷํ๏ʹΑࣹͬͯӨྻߦ
ΛٻΊͨ΄͏͕؆୯Ͱ͋Δɻ࣮ࡍɺର֯ԽՄͰ͋Δ͜ͱ͑֬͞ೝͰ͖ΕɺͦΕ
Ҏ߱

P1 =
A− 2I

1− 2
, P2 =

A− I

2− 1

ͱͯ͢͠ࢉܭΕΑ͍͔ΒͰ͋Δɻ

ྫ 4.13. A =





0 0 0 0 −2

0 0 0 −1 0

0 0 0 0 0

0 1 0 0 0

2 0 0 0 0




ͷݻ༗ 0, ±i, ±2iͰ͋Γɺଖʑͷݻ༗ϕ

13
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Ϋτϧͷ 1ͭɺ

−→v0 =





0

0

1

0

0




, −→v±i =





0

±i

0

1

0




, −−→v±2i =





±i

0

0

0

1




,

ͱͳΔɻैͬͯɺAͷڞసஔྻߦA∗ =





0 0 0 0 2

0 0 0 1 0

0 0 0 0 0

0 −1 0 0 0

−2 0 0 0 0




ͷݻ༗ 0, ±i =

∓i, ±2i = ∓2iͰ͋Γɺଖʑͷݻ༗ϕΫτϧͷ 1ͭɺ

−−→v0, ∗ = −→v0 , −−→v∓i,∗ =





0

±i

0

1

0




= −−→v±i,

−−−→v∓2i,∗ =





±i

0

0

0

1




= −−−→v±2i

ͱͳΔɻैͬͯɺࣹӨྻߦ (ϕΫτϧͱྻߦΛಉҰͯ͠ࢹ)ɺ

P0 =
−→v0

{(−→v0,∗
)∗ ·−→v0

}−1
·
(−→v0,∗

)∗

=





0

0

1

0

0










(0, 0, 1, 0, 0)





0

0

1

0

0










−1

(0, 0, 1, 0, 0) =





0 0 0 0 0

0 0 0 0 0

0 0 1 0 0

0 0 0 0 0

0 0 0 0 0




,
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P±i =
−→v±i

{(−−→v∓i,∗
)∗ ·−→v±i

}−1
·
(−−→v∓i,∗

)∗

=





0

±i

0

1

0










(0,∓i, 0, 1, 0)





0

±i

0

1

0










−1

(0,∓i, 0, 1, 0) =
1

2





0 0 0 0 0

0 1 0 ±i 0

0 0 0 0 0

0 ∓i 0 1 0

0 0 0 0 0




,

P±2i =
−−→v±2i

{(−−−→v∓2i,∗
)∗ ·−−→v±2i

)−1
·
(−−−→v∓2i,∗

)∗

=





±i

0

0

0

1










(∓i, 0, 0, 0, 1)





±i

0

0

0

1










−1

(∓i, 0, 0, 0, 1) =
1

2





1 0 0 0 ±i

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

∓i 0 0 0 1





ͱͳΓɺAͷεϖΫτϧղ

A = 0P0+ iPi+(−i)P−i+2iP2i+(−2i)P−2i = iPi+(−i)P−i+2iP2i+(−2i)P−2i

Ͱ༩͑ΒΕΔɻ

ҙ 4.14. ྫ 4.10 ͷྻߦ Aʹର͢ΔࣹӨྻߦΛεϖΫτϧղͷํ๏ͰٻΊΑ
͏ͱ͑ࢥɺ࣍ͷΑ͏ͳ 5× Δ͜ͱͱͳΔɿ͢ߦΛ࣮ࢉܭͷੵͷྻߦ5

P0 =
(A− iI)(A+ iI)(A− 2iI)(A+ 2iI)

(0− i)(0 + i)(0− 2i)(0 + 2i)
,

Pi =
(A+ iI)(A− 2iI)(A+ 2iI)(A+ 0I)

(i+ i)(i− 2i)(i+ 2i)(i− 0)
,

15
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P−i =
(A− 2iI)(A+ 2iI)(A− 0I)(A− iI)

(−i− 2i)(−i+ 2i)(−i− 0)(−i− i)
,

P2i =
(A+ 2iI)(A− 0I)(A− iI)(A+ iI)

(2i+ 2i)(2i− 0)(2i− i)(2i+ i)
,

P−2i =
(A− 0)(A− iI)(A+ iI)(A− 2iI)

(−2i− 0)(−2i− i)(−2i+ i)(−2i− 2i)

ྫ 4.15. A =




2 −2i 2

0 2 0

−i 0 2



 ͷݻ༗ 2, 1 + i, 3− iͰ͋Γɺ͜ΕΒͷݻ༗ϕ

Ϋτϧͱͯ͠ྫ͑ҎԼͷ༷ͳͷΛબͿ͜ͱ͕Ͱ͖Δɿ

−→v2 =




0

i

−1



 , −−→v1+i =




1 + i

0

−1



 , −−→v3−i =




1 + i

0

1



 .

·ͨA∗ =




2 0 i

2i 2 0

2 0 2



 ͷݻ༗ 2, 1 + i (= 1− i), 3− i (= 3 + i)Ͱ͋Γɺ͜Ε

Βͷݻ༗ϕΫτϧͱͯ͠ྫ͑ҎԼͷͷΛબͿ͜ͱ͕Ͱ͖Δɿ

−→v2,∗ =




0

1

0



 , −−−→v1+i,∗ =




1 + i

−2i

−2



 , −−−→v3−i,∗ =




1 + i

2i

2



 .

ैͬͯɺݻ༗ࣹӨɺ

P2 =




0

i

−1



 ·





(0, 1, 0) ·




0

i

−1










−1

· (0, 1, 0) = −i




0 0 0

0 i 0

0 −1 0



 =




0 0 0

0 1 0

0 i 0



 ,
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P1+i =




1 + i

0

−1



 ·





(1− i, 2i,−2) ·




1 + i

0

−1










−1

· (1− i, 2i,−2)

=
1

4




2 −2 + 2i −2− 2i

0 0 0

−1 + i −2i 2





P3−i =




1 + i

0

1



 ·





(1− i,−2i, 2) ·




1 + i

0

1










−1

· (1− i, 2i, 2)

=
1

4




2 2− 2i 2 + 2i

0 0 0

1− i −2i 2





ͱͳΓɺAͷεϖΫτϧղ

A = 2P2 + (1 + i)P1+i + (3− i)P3−i

ͱͳΔɻ

5. ର֯Խෆͳਖ਼ํྻߦͷ୯७෦ʹର͢ΔࣹӨྻߦͷࣼަࣹӨʹΑΔࢉܭ

n࣍ਖ਼ํྻߦA ∈ Mn×n (C)ର֯ԽෆͰ͋Δͱ͢Δɻ͜ͷ߹ʹɺࣹӨΛ
ʹΛઆ໌͢ΔͨΊࣄ༗ۭؒͷϕΫτϧΛબΑ͍ɻ͜ͷݻɺҰൠʹࡍ͢Δߏ
ҎԼͰগ͠४උΛ͢Δɻ

·ͣҰൠεϖΫτϧղ (δϣϧμϯղͱ͍͏ 14)ʹؔͯ͠ɺΑ͘ΒΕͯ
͍Δ݁ՌΛड़Δͱ࣍ͷΑ͏ʹͳΔɿ

ఆཧ 5.1. n࣍ਖ਼ํྻߦA ∈ Mn×n (C)ର֯Խෆͱ͠ɺ૬ҟͳΔmݸͷݻ༗
λj (ॏෳmj , j = 1, 2, · · · ,m, m ! n) Λͭͱ͢Δɻ͜ͷͱཱ͖͕࣍ɿ

ݪ14ּ [3] p. 200, ఆٛ 10.13 রɻࢀ
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AҰൠεϖΫτϧղͰ͖Δɻଈͪɺର֯ԽՄͳ n࣍ਖ਼ํྻߦ S ͱႈྵྻߦ
N ͕ͨͩ 1ଘͯ͠ࡏ

A = S +N, S =
m∑

j=1

λjPj , Np = O (p = max {m1,m2, · · · ,mm})

͕Γཱͭɻ·ͨɺSͱN ڞʹAͷ͋Δଟ߲ࣜͱͯ͠ଖʑද͞Εɺै͍ͬͯޓ
ʹՄͰ͋ΔɿSN = NS. ͜͜Ͱɺྻߦ Pj ∈ Mn×n (C) (j = 1, 2, · · · ,m) ࣍Λ
ຬͨ͢ɿ

(1) ֤ Pj (j = 1, 2, · · · ,m) ࣹӨͰ͋Δɻଈͪɺ͕࣍Γཱͭɿ

P 2
j = Pj , (j, j ∈ {1, 2, · · · ,m})

Pj · Pl = Pl · Pj = O (O nྻߦྵ࣍Λද͢) (j "= l, j, l ∈ {1, 2, · · · ,m}) .

(2) I =
m∑

j=1

Pj (୯Ґͷղ) ͕Γཱͭɻ

(3) (A− λjI)
mj Pj = O ͕Γཱͭɻ ैͬͯɺ֤ Pj ͷ૾ۭؒAͷݻ༗ λj

ʹର͢ΔҰൠݻ༗ۭؒͱҰக͢Δɻ

ҙ 5.2. ର֯Խෆͳਖ਼ํྻߦͷҰൠεϖΫτϧղղʹؔͯ͠ɺྫ͑ɺ
ݪּ [3] pp. 197-200, [4] pp.38-39, [5] pp. 243-245, ؖɾҏཧ [7] p.105, ఆཧ 4.5,

γϟτϥϯ [8] p.21, ఆཧ 1.7.1 Λࢀরͷ͜ͱɻ

ఆཧ 5.1 ͷূ໌ʹɺ࣍ͷ݁Ռ͕ඞཁͱͳΔɿ

ఆཧ 5.3. ҙͷ n࣍ਖ਼ํྻߦ A ∈ Mn×n (C)ͷ૬ҟͳΔmݸͷݻ༗ λj ʹର
͢ΔҰൠݻ༗ۭؒ (ҰൠԽݻ༗ۭؒɺ͍҃ɺݻٛ༗ۭؒͱݺΕΔ)Λ Vj

(j = 1, 2, · · · ,m, m ! n) ͱ͢ΔͱɺCn֤ Vj ͷͱͯ͠දͤΔɿ

Cn = ⊕m
j=1Vj .

ఆཧ 5.3 ɺଟ͘ͷจݙͰɺݻ༗ଟ߲ࣜʹؔΘΔ 1ͷׂݻ༗ଟ߲ࣜͷٯ
ͷ෦ղͱ͍ͬͨख๏Λ༻͍ͯূ໌͞ΕΔ (ྫ͑ ݪּ [3] ΛݟΑ)ɻͱ͜
ΖͰɺ൧ߴɾؠງ [1] pp.127-128 ɺ্ࡔɾ௩ా [2] pp.179-181, ͼɺ௩ాɾۚٴ
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ޱɾڮߴɾখྛɾࢠ [9] pp. 226-227 Ͱɺఆཧ 5.3 ͕ɺҰൠݻ༗ϕΫτϧͷΈ
ͷٞʹΑΓূ໌͞Ε͍ͯΔɻ͜ͷٞʹ͍ͯͮجɺ·ͣ༩͑ΒΕͨྻߦͷݻ༗
ͱҰൠݻ༗ϕΫτϧΛٻΊɺ࣍ʹɺϕΫτϧۭؒCnͷҰൠݻ༗ۭؒʹΑΔ
ղΛ͑ߟɺͦͷޙͰ֤Ұൠݻ༗্ۭؒͷࣹӨͱͯ͠ఆཧ 4.1Ͱड़ͨܗͷࣹӨΛ
ͷҰൠεϖΫτϧղΛಘΔ͜ͱՄͰྻߦΔ͜ͱʹΑΓɺ༩͑ΒΕͨਖ਼ํ͑ߟ
͋Γɺͦͷ݁ՌΛవΊΔͱ࣍ͷΑ͏ʹͳΔɿ

ఆཧ 5.4. n࣍ਖ਼ํྻߦ A ∈ Mn×n (C)ର֯Խෆͱ͠ɺ૬ҟͳΔmݸͷݻ༗
 λj (ॏෳmj , j = 1, 2, · · · ,m, m ! n) Λͭͱ͢Δɻ͜ͷͱ͖͕࣍Γཱ
ͭɿ

Aͷ֤ݻ༗ λj (ॏෳmj) ʹؔ͢ΔҰൠݻ༗ۭؒ Vjʹଐ͢ΔҰ࣍ಠཱͳҰൠ
༗ϕΫτϧΛԣʹฒͯͰ͖Δݻ n×mjྻߦΛXj ∈ Mn×mj (C)ͱ͠ɺA∗ͷ֤ݻ
༗ λj (ॏෳಉ༷ʹmj ͱͳΔ) ʹؔ͢ΔҰൠݻ༗ۭؒʹଐ͢ΔҰ࣍ಠཱͳҰ
ൠݻ༗ϕΫτϧΛԣʹฒͯͰ͖Δ n ×mj ∗,ΛXjྻߦ ∈ Mn×mj (C)ͱ͢Δɻ͜
ΕΒʹରͯ͠ n࣍ਖ਼ํྻߦ Pj Λ

Pj = Xj · {(Xj,∗)
∗ ·Xj}−1 · (Xj,∗)

∗ (j = 1, 2, · · · ,mj)

Ͱఆٛ͢Δͱɺ֤ Pj Ұൠݻ༗ۭؒ Vj ͷࣹӨͰ͋ΓɺAͷ୯७෦

S =
m∑

j=1

λjPj

Ͱ༩͑ΒΕΔɻߋʹɺ͜ͷͱ͖N = A− S ႈྵྻߦͱͳΔɻ

ҎԼͰɺର֯ԽෆͳྻߦͷҰൠεϖΫτϧղΛɺఆཧ 5.4 Λ༻͍ͯٻΊͯ
ΈΔɻ

ྫ 5.5. A =




0 −3 10

1 4 2

−1 −3 −5



ͷݻ༗−1 (2ॏݻ༗) ͱ 1Ͱ͋ΓɺA+ I ͷ

ϥϯΫ 2ͱͳΔ͔Βɺ

2
[
ˡྻߦA+ I ͷϥϯΫ

]
$= 3

[
ˡ 3× 3ͷ 3

]
− 2

[
ˡݻ༗ 2ͷॏෳ

]
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ͱͳΓɺ͜ͷྻߦAର֯ԽෆͰ͋Δɻݻ༗−1ͷݻ༗ϕΫτϧͷ 1ͭ௨ৗ
ͷํ๏ʹΑΓ

−→v−1 =




−7

1

1





ͱΔɻ࣍ʹҰൠԽ͞Εͨݻ༗ۭؒʹଐ͢ΔϕΫτϧ−−→w−1Λɺ

(A+ I)−−→w−1 =
−→v−1

Λຬͨ͢ͷͱͯ͠ٻΊΔͱɺͦͷΑ͏ͳͷͷ 1ͭͱͯ͠ɺ

−−→w−1 =




−4

1

0





ΛಘΔɻ·ͨɺݻ༗ 1ͷݻ༗ϕΫτϧͷ 1ͭͱͯ͠ɺ

−→v1 =




3

−1

0





ΛಘΔɻAͷڞసஔྻߦA∗ʹରͯ͠ಉ༷ͷۀ࡞Λ࣮ͯ͠ߦɺݻ༗−1 (2ॏ
(༗ݻ ͷݻ༗ϕΫτϧͷ 1ͭͱͯ͠ɺ

−−−→v−1,∗ =




1

3

4





ΛಘΔɻ·ͨҰൠԽ͞Εͨݻ༗ۭؒʹଐ͢ΔϕΫτϧͷ 1ͭͱͯ͠ɺ

−−−→w−1,∗ =




1

3

3





ΛಘΔɻޙ࠷ʹɺݻ༗ 1ͷݻ༗ϕΫτϧͷ 1ͭͱͯ͠ɺ

−→v1,∗ =




1

4

3
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༗ݻͣ·Δɻͦ͜Ͱɺ͔ͭݟ͕ 1ͷݻ༗ۭؒͷࣹӨྻߦ P1ɺ

P1 =




3

−1

0



 ·





(1, 4, 3) ·




3

−1

0










−1

· (1, 4, 3) =




−3 −12 −9

1 4 3

0 0 0





ͱͳΔɻ

༗ݻɺʹ࣍ −1ʹଐ͢Δݻ༗ۭؒͷࣹӨྻߦΛٻΊΔɻͦͷͨΊʹɺX−1 ∈
M3×2 (C)ͱͯ͠ɺ−→v−1ͱ

−−→w−1Λ 2ͭԣʹฒͯͰ͖ΔྻߦΛ͑ߟΔɿ

X−1 =
(
−→v−1

−−→w−1

)
=




−7 −4

1 1

1 0



 .

ಉ༷ʹɺX−1,∗ ∈ M3×2 (C)ͱͯ͠ɺ−−−→v−1,∗ͱ
−−−→w−1,∗Λ 2ͭԣʹฒͯͰ͖ΔྻߦΛ

Δɿ͑ߟ

X−1,∗ =
(
−−−→v−1,∗

−−−→w−1,∗

)
=




1 1

3 3

4 3



 .

͜ΕΒΛ༻͍ͯ 2ॏݻ༗−1ͷݻ༗ۭؒͷࣹӨྻߦ P−1Λɺ

P−1 = X−1

{(
X−1,∗

)∗ ·X−1

}−1
·
(
X−1,∗

)∗

ͰఆΊΔͱɺ

P−1 =




−7 −4

1 1

1 0



 ·






(
1 3 4

1 3 3

)
·




−7 −4

1 1

1 0










−1

·
(
1 3 4

1 3 3

)

=




−7 −4

1 1

1 0



 ·
(

1 −1

−1 0

)
·
(
1 3 4

1 3 3

)
=




4 12 9

−1 −3 −3

0 0 1





ͱͳΔɻ͜ͷͱ͖͔֬ʹɺ

P−1 + P1 = I, P 2
−1 = P−1, P 2

1 = P1, P−1 · P1 = P1 · P−1 = O
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͕Γཱ͍ͬͯΔɻ

͜ΕΑΓɺAͷ୯७෦ Sɺ

S = {(−1)P−1 + 1P1} =




−7 −24 −18

2 7 6

0 0 −1





Ͱ͋Γɺႈྵ෦N ɺ

N = A− S =




7 21 28

−1 −3 −4

−1 −3 −4





ͱͳΔɻ͜ͷN ͔֬ʹɺN2 = OΛɺैͬͯɺNk = O (k = 2, 3, · · · ) Λຬͨ͢ɻ

Ҏ্ʹΑͬͯɺAͷҰൠεϖΫτϧղɺ

A = S +N, S = (−1)P−1 + 1P1,

ୠ͠ɺ

P−1 =




4 12 9

−1 −3 −3

0 0 1



 , P1 =




−3 −12 −9

1 4 3

0 0 0



 , N =




7 21 28

−1 −3 −4

−1 −3 −4





ͱͳΔɻ

ҙ 5.6. ྫ 5.5 ʹ͓͚ΔྻߦAͷδϣϧμϯղΛɺ७ਮʹεϖΫτϧղͷํ
๏ͷΈͰٻΊΑ͏ͱ͢Εɺݻ༗ଟ߲ࣜ

Φ(λ) =
∣∣λI −A

∣∣ = (λ+ 1)2 (λ− 1)

ͷٯΛ෦ղ͢Δඞཁ͕͋Δɻ

1

(λ+ 1)2 (λ− 1)
=

− 1
4 (λ+ 3)

(λ+ 1)2
+

1
4

λ− 1
⇔ 1 = −

1

4
(λ+ 3) (λ− 1) +

1

4
(λ+ 1)2
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ͱͳΔ͔Βɺ

P−1 = −
1

4
(A+ 3I) · (A− I) , P1 =

1

4
(A+ I)2

ͱͯ͠ɺAͷ୯७෦ S͕

S = (−1)P−1 + 1P1

ͱͯ͠ٻΊΒΕΔɻͳ͓͜͏ͯ͠͞ࢉܭΕͨ P−1, P1͕ઌͷ ྫ 5.5 ʹ͓͚Δ݁Ռ
ͱҰக͢Δ͜ͱΔɻ

ँࣙ ༗ӹͳίϝϯτΛԼͬͨ͞ɺ௩ެҰࢯ (ຊҩՊେֶ ҩֶ෦ Պֶૅج
ֶࣨڭ)ʹରͯ͠ɺ͜ͷΛआΓͯँײਃ্͛͠·͢ɻ
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